
 

International Journal of Technology and Applied Science (IJTAS) 

E-ISSN: 2230-9004   ●   Website: www.ijtas.com   ●   Email: editor@ijtas.com 

 

IJTAS18011433 Volume 9, Issue 1, January 2018 1 

 

Applications of Reaction-Diffusion Equations in 

Mathematical Biology and Population Dynamics 
 

Rajesh Kumar 
 

Department of Mathematics 

Damyanti Raj Anand Government Degree College Bisauli, Budaun 

 

Abstract: 

Reaction-diffusion equations provide a powerful mathematical framework for studying biological systems 

in which local interactions occur simultaneously with spatial movement and dispersal. In this paper we 

provide a theoretical overview of the applications of reaction-diffusion models in mathematical biology 

and population dynamics, with particular emphasis on spatial diffusion in the evolution and distribution 

of biological populations. The reaction part represents local processes such as reproduction, mortality, 

competition, predation, and infection, whereas the diffusion part describes the movement of individuals 

or biological substances across a spatial domain. We discuss the applications of reaction-diffusion models 

in population growth, species competition, predator-prey interactions, biological invasion, and spatial 

epidemic dynamics. We focus on travelling-wave behaviour as a mathematical representation for 

population and disease spread in diverse environments. For long-term population behaviour, we study the 

role of spatial heterogeneity, diffusion rates, carrying capacity, and interspecific interactions. Besides 

classical models, in this work we briefly consider the new extensions of cross-diffusion, nonlocal 

dispersal, fractional operators, and heterogeneous environments. In summary, the reaction-diffusion 

equations provide a unified theoretical framework to explain how biological mechanisms are related to 

spatial population dynamics and to understand the emergence, persistence, and spatial spread of biological 

systems. 
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1. Introduction 

The mathematical modelling has become an important tool for understanding the dynamics of biological 

systems whose behaviour depends on both time and space. Classical models of biological populations are 

based on ordinary differential equations where the state variables are population density, prey and predator 

abundance, or the number of infected individuals. These models are useful to study the changes in time in 

an appropriate environment, but do not explicitly account for the movement and spread of individuals. In 

most biological systems, however, spatial location, dispersal, migration and environmental heterogeneity 

play a significant role in determining the dynamics. Reaction-diffusion equations are an ideal 

mathematical model for such spatial effects in biological models. The basic idea of a reaction-diffusion 

model is the interaction between two mechanisms. The reaction component refers to the local biological 
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processes such as reproduction, mortality, competition, predation, infection, recovery, and biochemical 

interaction. The diffusion component refers to the movement or dispersal of the corresponding biological 

quantity. A general reaction-diffusion model can therefore be expressed schematically as 

 

Temporal change = Diffusion + Local reaction. 

 

This simple mathematical structure provides a flexible framework for describing a wide range of 

biological phenomena. The diffusion term allows a population to move from a high density region to a 

low density region while the reaction term determines how the population changes locally as a result of 

biological interactions. The balance between local dynamics and spatial movement can lead to behaviour 

qualitatively different from that predicted by non-spatial models. The development of reaction-diffusion 

theory is a long-standing one in mathematical biology. One of its most important contributions is related 

to the generation of biological patterns as it was proved in mathematics by Alan Turing that the relation 

between reaction and diffusion could lead to spatial structures from an initially homogeneous state. This 

showed the connection between differential equations and the formation of biological organization. Since 

then, reaction-diffusion models have been developed and used in population ecology, biological invasion, 

epidemiology, developmental biology, chemical processes, and cellular systems. 

Population dynamics is one of the most natural applications of reaction-diffusion equations. In a 

population spread out over space, people may reproduce, die, compete for resources, interact with 

predators, and move through their environment simultaneously. A model that only considers population 

growth can describe the change in the total population size, but cannot fully explain the spatial expansion 

or redistribution of a population. Including diffusion enables the mathematical model to distinguish 

between the local population dynamics and the dispersal of population. For example, the classical logistic 

growth model assumes that population growth is controlled by the growth rate and environmental carrying 

capacity. If spatial movement is included then the reaction-diffusion model can explain not only whether 

population grows or decreases, but also how the population density changes at different points in space. 

This is particularly important when it comes to species invasion, habitat occupation and population 

persistence. Spatially distributed populations can have growing fronts, localized populations or 

heterogeneous populations depending on the way the population is distributed. 

Species interactions can be a very important area of application. In ecological systems, different species 

rarely exist independently. Competition for resources, predator-prey competition, mutualism and other 

types of biological interactions can greatly influence population dynamics. Reaction-diffusion systems 

can combine them with spatial movement. Mathematical analysis then can be used to probe whether two 

competing species can coexist, if one species takes over the other and how spatial dispersal plays a role in 

such situations. 

The inclusion of space also changes the meaning of biological invasion. An invasive population is not just 

growing in size, but generally expanding geographically via a series of local growth and dispersal 

processes. Reaction-diffusion models can provide a mathematical model for this process, and they can be 

used to propose travelling-wave solutions for the propagation of a population through a region that was 

previously empty. The speed, structure and diffusion properties of travelling waves depend on the reaction 

kinetics, diffusion properties and environmental conditions. Travelling-wave theory is thus a crucial 

mathematical source of connection between population dynamics and spatial invasion. 
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In epidemiology similar ideas also arise. Infectious diseases are spread through populations spread over 

regions, and people move between those regions. A purely temporal epidemic model can describe the 

number of susceptible, infected, and recovered people, but it cannot describe the spatial variation of 

disease prevalence. Reaction-diffusion models can be used to extend epidemic systems by considering the 

movement among people and can then be used to solve the problem of disease spreading, the spatial 

variation of infection levels, and the effects of population mobility. 

Spatial heterogeneity is another important consideration in biological modelling. Real environments rarely 

have uniform resources, climate, habitat quality or population density. The growth rate, carrying capacity, 

diffusion coefficient and interaction parameters can change from one place to another. Thus, the realistic 

mathematical description might need reaction-diffusion equations with spatially dependent coefficients. 

Such models provide a theoretical framework for studying how environmental variability influences 

population persistence, migration, invasion and spatial organization. 

Reaction-diffusion equations also play an important role at smaller biological scales. At cell and 

developmental levels, chemical substances can diffuse through tissues but may also undergo local 

reactions. Such systems can generate spatial structures that play a role in biological organization and 

morphogenesis. In this context, reaction-diffusion theory explains how local interactions and short-range 

spatial transport can produce ordered structures without requiring a specific spatial pattern. 

The mathematical importance of reaction-diffusion models is not only in describing biological processes, 

but also in the theoretical questions they pose. These are the existence and uniqueness of solutions, 

positivity of population densities, boundedness, stability of equilibria, travelling-wave behaviour, 

persistence, extinction, spreading speeds and pattern formation. Depending on the type of the model, 

different mathematical techniques can be used, such as dynamical systems theory, stability analysis, 

comparison methods, spectral methods, bifurcation theory and numerical approximation. An important 

feature of reaction-diffusion modelling is that the same mathematical framework can describe very 

different biological processes. The interpretation of the reaction terms changes according to the 

application, while the diffusion mechanism provides a common mathematical representation of spatial 

movement. A reaction-diffusion equation used to describe population invasion may have a mathematical 

structure related to one used for disease propagation or cellular signalling, even though the underlying 

biological interpretations are different. 

Despite their usefulness, basic reaction-diffusion models rely on simplifying assumptions. Diffusion is 

often used as an approximation to random movement and is not good enough to describe directed 

migration, long distance dispersal or movement through environmental gradients. Biological populations 

may also have memory, delays, individual behaviour, nonlocal interaction and heterogeneous movement. 

These limitations have spurred the development of more general mathematical models with cross-

diffusion, nonlocal operators, fractional derivatives, stochastic effects and spatially heterogeneous 

coefficients. 

The purpose of this paper is to give a theoretical consideration of the applications of reaction-diffusion 

equations in mathematical biology and population dynamics. Rather than drawing on more detailed 

analytical results, the paper is concerned with the mathematical interpretation of reaction and diffusion 

mechanisms and their role in describing spatial biological processes. Population growth, species 

competition, predator-prey interactions, biological invasion, epidemic propagation and spatial ecological 
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processes are of great interest. Traveling wave behaviour, spatial heterogeneity, and new applications of 

reaction-diffusion models are also mentioned in this paper. 

The remainder of the paper is based on these goals. The reaction-diffusion framework is introduced and 

its main components are provided in the next section and its mathematical basis. In the following section 

we discuss its roles in population dynamics (population growth, species interactions and biological 

invasion). In the second section, we discuss how it can be applied more broadly in mathematical biology 

(e.g., ecology, epidemiology and developmental biology). Finally, we discuss the problems with 

theoretical progress and how that may be extended to more complex biological systems, and discuss the 

possibility of applications of reaction-diffusion models to more complex biological systems in the future. 

 

2. Reaction-Diffusion Framework in Mathematical Biology 

Reaction-diffusion equations provide a general mathematical model for describing biological quantities 

that are changing not only locally but also spatially. This is because many biological processes are 

inherently spatial. Populations occupy geographical regions, organisms move between habitats, infectious 

diseases spread through communities, and chemical substances travel through biological tissues. A 

mathematical model that ignores spatial variations could fail to capture important features of these 

processes. Reaction-diffusion equations overcome this problem by integrating local dynamics with spatial 

transport. 

 

2.1 Basic Mathematical Structure 

A general reaction-diffusion model for a biological quantity \(u(x,t)\) can be written as 

𝝏𝒖

𝝏𝒕
= 𝑫𝚫𝒖 + 𝑭(𝒖), 

where \(u(x,t)\) is the density or concentration of the quantity under consideration, \(D\) is the diffusion 

coefficient, \(\Delta u\) is the spatial diffusion, and \(F(u)\) describes local biological processes. 

The reaction term \(F(u)\) depends on the biological interpretation of the model. In a population model, it 

may represent reproduction and mortality. In an epidemiological model, it may represent infection and 

recovery. In a predator-prey model, it may represent predation and prey reproduction. In a cellular model, 

it may describe chemical production and consumption. 

The diffusion term has a different interpretation. It describes the spatial redistribution of the quantity. In 

the simplest case, diffusion is associated with moving from regions of relatively high density to regions 

of relatively low density. The coefficient \(D\) determines the speed at which this spatial redistribution 

takes place. A larger diffusion coefficient is associated with faster spatial movement within the 

assumptions of the model. 

For several interacting biological components, the framework can be extended to a system of equations. 

In this system, each component may have its own diffusion rate and its own local interaction with the 

other components. This allows us to model multispecies populations, interacting chemical substances, or 

different epidemiological compartments. 

The key feature of this formulation is that the reaction and diffusion processes are not considered 

separately. Local biological interactions determine how the quantity changes at a certain location, while 

diffusion determines how changes at one location affect neighbouring regions. Their interaction can 

therefore lead to complex spatial and temporal behaviour. 
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2.2 Biological Interpretation of Reaction Terms 

The reaction component describes local biological processes. In the context of population dynamics, the 

simplest reaction mechanism is population growth. A population may grow when reproduction exceeds 

mortality and decrease when mortality exceeds reproduction. Environmental limitations can also be taken 

into account when growth is based on density (that is, population density decreases as the population 

density approaches a carrying capacity). More complex terms may be used to describe the interaction 

between more than one population. For instance, competition is when two species depend on common 

resources, predator-prey interactions are where one population eats another population. The nature of the 

reaction term to determine this effect can vary in terms of how strong and in which form the interactions 

are and could lead to qualitatively different populations. In an epidemiological context, reaction terms 

may be used to describe the transition from disease to disease. Individuals may move from being 

susceptible to infected status and then recover if they are involved in an infectious population (as in the 

case of HIV infection). The reaction term will then describe disease spread and recovery and diffusion 

will describe the movement of individuals or quantities that fall in or out of the disease zone, and so on. 

At the cellular level, reaction terms can describe biochemical production, degradation, activation and 

inhibition. When combined with diffusion, these local processes can generate spatial concentration 

differences and organized structures. Thus, although the mathematical form of a reaction term may seem 

similar across different models, its biological interpretation depends on the process being investigated. 

This flexibility is one of the main strengths of reaction-diffusion modelling. 

 

2.3 Role of Spatial Diffusion 

Spatial diffusion introduces geographical structure to biological models. In a non-spatial population 

model, individuals are assumed to interact in a well-mixed environment. Under this hypothesis, the 

population density depends only on time. However, real populations are distributed across space and 

people move between locations. Diffusion is a simple way of understanding such movement. It allows 

population density to vary not only due to local birth and death processes but also due to the departure or 

return of individuals from a particular region. As a result of spatial dispersal of individuals, a region with 

high population density can have a strong influence on the neighbouring regions. The effect of diffusion 

depends on the biological characteristics of the system. While species with high mobility may have a 

relatively strong diffusion rate, species with low movement may have a smaller diffusion rate. In 

multispecies systems, different species may have very different movement characteristics, and the 

diffusion coefficient may be different. Spatial diffusion can affect the persistence of populations as well. 

A population that becomes extinct locally may be recovered by dispersal from its neighbouring regions. 

But moving too much can also move them away from good habitat. Therefore, diffusion cannot be 

determined independently of reaction dynamics and environment. 

 

2.4 Spatial Domains and Environmental Conditions 

There is a direct link between the mathematical behavior of a reaction-diffusion model and the physical 

space in which the biological process is occurring. A space may correspond to a geographical habitat, a 

landscape, a lab environment, tissue, or some other physical region. 

Boundary conditions define how a particular biological quantity interacts with the boundaries of the space. 

For instance, a zero-flux condition defines a closed space where a particular ingredient cannot cross its 
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boundaries. There could also be other types of boundary conditions that may describe absorption, 

interchange with external environments, or specific concentrations. 

Also, environmental conditions can vary across the locus. For instance, availability of resources, 

temperature, habitat quality, and population density can generally be varied since they are rarely uniform 

in natural systems. Mathematica models account for such variations by allowing reaction or diffusion 

coefficients depend on spatial position. 

Across different regions of physical space, conditions can be different, and this can result in significant 

implications for population dynamics because favorable areas may serve as sources of populations, while 

unfavorable areas may work like sinks. Movement from favorable conditions to unfavorable ones can 

determine whether the existence of a population can persist in the whole 

 

2.5 From Local Dynamics to Spatial Behaviour 

One of the major contributions of reaction-diffusion modelling is that it connects local biological 

behaviour with large-scale spatial phenomena. A local population may follow a relatively simple growth 

law, yet the inclusion of diffusion can lead to travelling fronts, spatial gradients, heterogeneous 

distributions, and expanding invasion zones. This connection is especially relevant in biological invasion. 

Invasive species may begin to grow in a region that was not occupied and then disperse in regions that 

surround it where they add new populations. This process can then lead to a moving invasion front. 

Reaction-diffusion models can be used to model this combination of local growth and spatial spread. 

A similar mechanism can describe the spread of infectious diseases. Local transmission increases infection 

in a region and movement of individuals allows infection to reach neighboring regions. The resulting 

spatial spread can therefore be understood as the interaction between local epidemic dynamics and 

population movement 

The distinction between local and spatial model behaviour is also important in how we interpret the 

prediction. A parameter that increases local population growth does not always produce the same 

qualitative effect as a parameter that increases diffusion. The former changes the reaction dynamics while 

the latter changes the spatial redistribution of the population. Understanding this distinction is crucial to 

interpret our reaction-diffusion models in a meaningful way. 

 

2.6 Theoretical Properties of Biological Models 

In this paper, more for applications than for specific mathematical derivations, several theoretical 

properties are fundamental to understanding the reaction-diffusion models. First, biological densities are 

generally required to be non-negative. A mathematically meaningful population model should always be 

non-negative if the initial population is non-negative. Second, solutions should be bounded in biological 

terms. Unlimited population growth is not compatible with resource availability and hence needs a suitable 

reaction mechanism. Equilibrium states are also important. An equilibrium is where the local biological 

processes and spatial effects are balanced. Depending on the model, equilibria can be extinction, 

coexistence, or a persistently distributed population. Stability will tell if a small disturbance from an 

equilibrium disappears or grows over time. Stable equilibria are persistent, even in case of small 

perturbations; unstable equilibria can lead to large changes in population distribution or spatial structure. 

The travelling-wave solutions are another interesting class of behaviour. These solutions are spatial 

profiles that propagate through the domain but have an almost uniform shape. In population dynamics, 
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they could describe more aggressive invasion fronts and in epidemiology they could describe the spatial 

propagation of an epidemic. These theoretical concepts then provide a mathematical basis for the 

biological consequences of reaction-diffusion models without the need for a detailed numerical 

calculation. 

 

2.7 Advantages and Limitations of the Framework 

The main advantage of reaction-diffusion equations is that they have the ability to capture time and space 

dynamics in a single mathematical formulation. They are not only able to integrate nonlinear biological 

interactions, but they can also be made accessible to analysis and qualitative analysis. The whole 

framework becomes very flexible to describe a wide range of biological systems. By changing the reaction 

functions, the same general mathematical structure can describe population growth, competition, predator-

prey interactions, disease transmission and biochemical processes. But classical diffusion is a poor 

description of movement. Many biological organisms do not move randomly; their movement may be 

directional, influenced by environment or population density. Long distance dispersal and rapid movement 

could also violate the assumptions of classical diffusion, requiring more advanced models. Cross-diffusion 

can be thought of as movement caused by other populations, while nonlocal models can account for long 

distance interactions. A fractional diffusion model can also be used to account for anomalous transport 

and memory effects and stochastic models can account for random environmental or demographic 

changes. In other words, the classical reaction-diffusion framework should be considered as a starting 

point, not for a complete picture of every biological system. It is to provide a mathematically tractable 

starting point from which more powerful models can be built. The framework we develop in the following 

section will allow us to look at specific population dynamics and applications of it. We will then move 

into population growth, species competition, predator-prey interactions, and biological invasion where the 

reaction-diffusion structure will be used to get biological interpretations in which we will be able to use. 

 

3. Reaction-Diffusion Models in Population Dynamics 

Population dynamics is one of the important areas where reaction-diffusion equations provide a spatial 

extension of classical mathematical models. Not only does a population depend on local biological 

processes like reproduction and mortality, but also on individuals moving through space. The interaction 

between these processes determines whether a population grows, shrinks, spreads, or becomes 

concentrated in space. Reaction-diffusion models provide a mathematical basis for studying these 

processes simultaneously. 

 

3.1 Population Growth and Spatial Dispersal 

Classical population models describe the change of population size as a function of time. The logistic 

model, for example, assumes that the growth of the population is limited by the carrying capacity of the 

environment. This model is useful to know about long-term population size but does not describe where 

individuals are located. 

In fact, diffusion extends this framework to the population as a whole to a regionally distributed 

population. A simple spatial population model can be represented by 

 

𝝏𝒖

𝝏𝒕
= 𝑫𝚫𝒖 + 𝒓𝒖 (𝟏 −

𝒖

𝑲
) , 

https://www.ijtas.com/


 

International Journal of Technology and Applied Science (IJTAS) 

E-ISSN: 2230-9004   ●   Website: www.ijtas.com   ●   Email: editor@ijtas.com 

 

IJTAS18011433 Volume 9, Issue 1, January 2018 8 

 

where (𝒖(𝒙, 𝒕)\) is the population density, (𝑫) is the diffusion coefficient, (𝒓) is the intrinsic growth rate, 

and (𝑲) is the carrying capacity. 

The first term represents spatial dispersal and the second is local population growth. As such, the model 

separates two biologically different mechanisms: individuals reproduce and die locally while moving 

through the environment. 

The inclusion of diffusion changes the interpretation of population persistence. A population may have 

good local growth characteristics, but there will be a lot of spatial redistribution. On the other hand, 

dispersal can allow populations to return to areas where local extinction has occurred. So population 

persistence is about the balance between local growth and movement. 

The mathematical analysis of logistic reaction-diffusion models is also a good starting point for more 

complicated population systems. By modifying the reaction term, harvesting, Allee effects, environmental 

limitations, or density-dependent mortality can be included. 

 

3.2 Species Competition 

Natural ecosystems typically have multiple interacting species. When two species depend on similar 

resources, competition can take place both locally and spatially. Reaction-diffusion systems provide a 

framework to investigate how competition and dispersal collectively determine the distribution of 

competing populations. 

Let (𝒖) and (𝒗) be two competing species. Their local interactions include intra-specific competition, 

inter-specific competition, reproduction, and mortality. The diffusion then allows each population to move 

through the spatial domain. 

The resulting model can be viewed conceptually as 

population change = local growth and competition + spatial dispersal. 

The mathematical behaviour of such systems depends strongly on the relative strengths of the interaction 

parameters and diffusion coefficients. 

Several possible qualitative outcomes can happen. One species may be excluded, the other species may 

coexist, or the populations may be separated into smaller populations. In heterogeneous environments, 

different regions may favour different species and thus, the spatial distribution is of particular importance 

for the long-term coexistence. 

Diffusion can either help or hinder coexistence according to the structure of the model. Moderate dispersal 

may allow individuals to occupy favourable areas and recolonize depleted areas, while strong dispersal 

may decrease spatial differences and eliminate local refuges. Hence, spatial movement cannot be 

considered independently of interspecific interactions. 

Theoretical analysis of competing reaction-diffusion systems typically relies on equilibrium states, 

stability, persistence, and spatially heterogeneous solutions. These concepts allow mathematical models 

to explain whether and how coexistence is possible and how it depends on environmental and dispersal 

conditions. 

 

3.3 Predator-Prey Systems 

Predator-prey interactions are another important application of reaction-diffusion equations. In a classical 

non-spatial predator-prey model, the prey population provides a food source for the predator and predation 

influences prey abundance. Both populations may also reproduce and die according to their biological 
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characteristics. We can introduce diffusion so that predator and prey populations can move through space. 

This leads to a spatial predator-prey system where local interactions are combined with movement. The 

resulting model may exhibit behaviours not observed in the corresponding non-spatial system. 

Spatial dispersal can affect predator-prey coexistence in several ways. Predators may move to territories 

with high prey density, and prey populations may move away from areas of high predation. This gives 

spatial feedback between population density and movement. 

The mathematical analysis of such models can thus address questions concerning 

• persistence of predator and prey populations; 

• spatial coexistence; 

• formation of population concentrations; 

• influence of dispersal rates; 

• stability of coexistence states; and 

• propagation of population disturbances. 

A key theoretical issue is the difference between predator and prey mobility. If the two populations are 

moving at very different diffusion rates, their spatial distribution may evolve on different time scales. This 

may change the stability and long-term behaviour of the system. 

So reaction-diffusion predator-prey models show how relatively simple local interactions can generate 

complex spatial dynamics when movement is taken into account. 

 

3.4 Biological Invasion 

Biological invasion is one of the most important applications of reaction-diffusion equations in population 

dynamics. In such cases, an invading population grows locally but also expands into the surrounding 

region. The resulting spatial expansion can usually be represented mathematically by travelling-wave 

solutions. 

A classic example of this is the Fisher-KPP framework, which mixes population growth with diffusion. In 

the simplest form, 

𝝏𝒖

𝝏𝒕
= 𝑫𝚫𝒖 + 𝒇(𝒖), 

where (𝒇(𝒖)) represents population growth. 

This model gives a mathematical description of the spread of a population into an unoccupied 

environment. Initially, the population may be concentrated in a small region. Local reproduction increases 

its density, and diffusion sends individuals into neighbouring areas. Over time, the occupied region can 

grow. 

Travelling-wave solutions are particularly important in this context. A travelling wave is a population 

profile that moves through space while maintaining an identifiable shape. Such a solution can be viewed 

as an approaching invasion front. 

The existence and speed of invasion waves depend on the reaction kinetics and diffusion coefficient. In 

general, higher diffusion can increase the spatial scale over which a population spreads, while the local 

growth characteristics determine the ability of the population to establish itself in newly occupied regions.  

Theoretical analysis of invasion models is relevant in both natural and managed ecosystems. It can be used 

to study the spread of invasive species, recolonization after disturbance, range expansion, and movement 

of populations into previously unoccupied habitats. 
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3.5 Travelling Waves and Population Spread Travelling 

wave theory provides a particularly useful connection between reaction-diffusion equations and biological 

spreading processes. Consider a population moving through a one-dimensional habitat. A travelling wave 

solution is a profile depending on the combined variable 

𝒛 = 𝒙 − 𝒄𝒕, where c is the propagation speed. 

 

The biological interpretation is straightforward: the population profile moves in the positive spatial 

direction with speed \(c\). The region behind the wave corresponds to a population that is already 

established while the region ahead of the wave is unoccupied or sparsely populated habitat. The 

mathematical significance of travelling waves goes beyond invasion alone. Such structures can be seen in 

epidemic propagation, habitat recolonization and the spread of advantageous biological traits. The 

existence of a travelling wave does not mean all populations will invade successfully. Establishment 

depends on the relationship between local growth, dispersal, environmental conditions and initial 

population distribution. Hence, reaction-diffusion theory provides a framework for distinguishing between 

populations that can spread and those that remain localized or become extinct. 

 

3.6 Allee Effects and Population Persistence 

Classical logistic growth assumes that population growth is positive at low population density. Many 

biological populations, however, experience an Allee effect, in which very small populations have lower 

reproductive success or increased vulnerability to extinction. An Allee effect can change the behavior of 

a reaction-diffusion population model significantly. A population may have a positive equilibrium 

associated with persistence but a small initial population may not be able to establish itself. Spatial 

diffusion can also affect this threshold by redistributing individuals across the habitat. The resulting 

models can have different effects depending on the initial population density. A population above a critical 

threshold can expand spatially while a population below the threshold may decline toward extinction. This 

is an important example of how spatial modelling can reveal biological mechanisms that aren’t apparent 

from simple population growth equations. Invasion success might depend not only on the intrinsic growth 

rate and diffusion coefficient, but also on the initial population density and the nonlinear structure of the 

reaction term. 

 

3.7 Environmental Heterogeneity 

Diverseness is a characteristic of natural environments. There are variations of resources, temperature, 

habitat quality, predation force, and other ecological factors across space. This difference is implemented 

in reaction diffusion models by making the parameters of the model dependent on the position in space. 

For example, the intrinsic growth rate can be defined as a space-specific quantity. Under optimal problem 

conditions, big populations can exist, whereas in a problematic area, the population can neither survive 

nor reproduce. Then the concept of source-sink dynamics comes into the picture. Source region creates an 

excess of a population, while in the sink region the population needs to receive immigration to stay alive. 

Diffusion connects those regions and ensures the transportation of the organisms from one to one. 

Optimum habitats are those locations which allow for quick population movement between them. 
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3.8 Population Dynamics and Mathematical Stability 

Stability analysis is important even when reaction-diffusion equations are used mainly as population 

models. An equilibrium population distribution represents a state in which population growth, mortality, 

interaction, and dispersal are balanced. 

A stable equilibrium means that small disturbances tend to disappear and the population distribution 

returns to its previous state. An unstable equilibrium may cause large changes in the population density or 

spatial structure. 

In multispecies models, stability can determine whether coexistence is robust or whether one population 

eventually dominates. In invasion models, instability of an unoccupied state may indicate the potential for 

population expansion. In predator-prey systems, instability may be associated with persistent oscillations 

or spatial structures. Therefore, stability is a mathematical concept that connects different biological 

applications of reaction-diffusion equations. 

 

4. Applcations in Mathematical Biology 

The flexibility of reaction-diffusion equations allows to apply them to biological systems with different 

spatial and temporal scales. Although population growth and species interaction are important 

applications, the framework will be much more general. Reaction-diffusion models also serve to describe 

the spatial spread of infectious diseases, biochemical interactions in tissues, cellular organisation, 

developmental processes, and ecological systems with varying environments. In each case, the 

mathematical structure combines local interactions with spatial transport and the biological interpretation 

is dependent on the application on the variables and parameters. 

  

4.1 Reaction-Diffusion Models in Ecology 

Ecological systems are spatial because organisms live in certain habitats which they have finite geographic 

distance to move between. Therefore, competition, predation, reproduction, migration and resource 

utilization, as well as the population density in a place, are not only the result of local population density 

but also of spatial distribution. 

Reaction-diffusion models provide a mathematical framework for accounting for these spatial effects. A 

single-species model can describe the growth and spread of a population, while multi-species systems 

represent the interaction between competing or interacting populations. One of the most important 

applications is the study of species coexistence. Two species can compete very effectively in a region with 

different kinds of ecological niches in another. Spatial movement can connect these regions, and the 

population distribution then depends on it. Mathematical analysis can be used to see if coexistence is 

possible or not and whether the coexistence is stable under a small disturbance. Spatial heterogeneity is 

particularly important in ecological modelling. Resource availability, temperature, habitat quality, and 

mortality rates can vary across space. A reaction-diffusion model can incorporate such variations and 

investigate their effects on population persistence and spatial distribution. Another important ecological 

application is habitat fragmentation. Natural habitats are often divided into patches, either by geographical 

or human-made barriers. Movement between patches can determine whether a population can persist in a 

larger area. Reaction-diffusion models provide a continuous mathematical approximation for studying the 

interplay between habitat structure, dispersal and population persistence. These models are therefore 
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valuable to understand ecological processes in which spatial connectivity is as important as local 

population dynamics. 

 

4.2 Disease Propagation and Spatial Epidemiology 

The spread of infectious diseases is another important application of reaction-diffusion equations. Many 

traditional epidemic models divide an entire population into three categories such as susceptible, infected, 

and recovered. Such models describe the change in number of individuals within each class, but usually 

assume that the population is spatially homogeneous. 

Real populations are distributed geographically, and individuals move between locations. Disease 

transmission can be very different from one region to another. Reaction-diffusion epidemic models 

incorporate spatial movement in compartmental epidemic models, and allow disease prevalence to vary 

across the domain. In such models, reaction terms describe local epidemiological processes. These can be 

infection, recovery, loss of immunity and disease-related mortality. Diffusion is the movement of 

individuals or in some cases the redistribution of an infection-related quantity. The spatial formulation 

allows several important theoretical questions to be examined. These include the spread of infection in a 

given region, the persistence or extinction of an epidemic, population mobility and the development of 

regions with different disease prevalence. 

Travelling waves are very important in spatial epidemiology. An advancing wave can represent the 

movement of an epidemic through previously unaffected regions. The mathematical properties of such 

waves can tell us how rapidly and far the disease spreads. Spatial heterogeneity can also complicate disease 

dynamics. Population density, contact rates, healthcare access, environmental conditions or mobility 

patterns can all lead to disease transmission across space. Reaction-diffusion models help to describe some 

of these differences and understand their implications. But classical diffusion assumes relatively simple 

movement behaviour. Human mobility may involve long-distance travel, networks, directional movement, 

and strong temporal variation. Therefore, more advanced spatial epidemic models require nonlocal or 

network-based transport mechanisms. 
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4.3 Developmental Biology and Morphogenesis 

Reaction-diffusion equations have also played an important role in mathematical descriptions of biological 

development. During embryonic development, cells encounter chemical and molecular signals that can 

change spatially. Local production, degradation, and interaction of these substances may take place 

simultaneously with their movements through tissues. 

The mathematical theory of reaction-diffusion systems offers a framework for understanding how these 

reactions can lead to spatial organization. Initially the system can be in a homogeneous state, but over time 

its substances can separate into regions having different mass fractions of interacting substances. 

Conceptually, the two ideas go hand in hand with the mathematical theory of morphogenesis. Turing’s 

discoveries connected reactions and diffusion to the formation of spatial patterns from homogeneous 

states. This principle allowed explaining mathematically how local interactions result in patterns in space. 

In particular, the reaction-diffusion framework can be applied to analyze the development of spatial 

distribution of substances, periodic structures, and other developments in living organisms. The specific 

biological interpretation depends on the molecular mechanisms but what is behind all the models is the 

fact of local interactions taking place. 

 

4.4 Cellular and Biochemical Applications 

A variety of vital processes at the cell level rely on production and transportation of biochemicals. 

Chemical reactions can take place at one site with molecules produced at that site separated from them in 

space. Reaction-diffusion systems are a natural way to describe these processes. Reaction terms 

correspond to changes in biochemical composition over time, and diffusion stands for distribution of 

molecules through the cell area. These systems can help analyze concentration profiles, cell signalling, 

activation and inhibition, and spatial distribution of biochemical networks. Depending on the scale of the 

study, the system of equations may describe interaction between processes occurring in cellular 

compartments as well as tissue systems. One thing to keep in mind is that diffusion may occur at very 

different rates in depending on the type of the chemical involved. 

 

4.5 Chemotaxis and Directed Biological Movement 

Classical diffusion describes movement that is approximately random and does not explicitly depend on 

the surrounding concentration field. However, many biological organisms are directed to the environment 

through their movement. This includes cells moving towards chemical attractants and organisms moving 

towards favourable resources. Such processes may require mathematical models that extend the classical 

reaction-diffusion setting. Chemotaxis models, for example, introduce movement that is dependent on the 

spatial gradient of a chemical signal. The mathematical importance of chemotaxis lies in the coupling 

between population density and chemical concentration. The biological population changes the chemical 

environment, while the chemical environment influences the movement of the population. This is a 

feedback mechanism that can produce aggregation, concentration and spatial pattern formation. While 

chemotaxis is more complex than classical diffusion, it illustrates an important limitation of simple 

reaction-diffusion models that biological movement is not always purely diffusive. Extensions of the 

classical framework are therefore needed when movement is directional or environmentally regulated. 
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4.6 Tumour Growth and Biomedical Modelling 

Reaction-diffusion models have also been used in mathematical descriptions of tumour growth and spatial 

disease progression. Tumour cells can proliferate locally, die, migrate through surrounding tissue and 

interact with nutrients or biochemical factors. 

A reaction-diffusion framework can then represent these processes by combining local cell proliferation 

and death with spatial movement. Other variables (nutrients, oxygen, signalling molecules, etc.) can be 

added in addition to those that are present in the environment 

Theoretical analysis of such systems can be used to answer questions surrounding tumour expansion, 

invasion into surrounding tissue, spatial heterogeneity, and the interaction between cellular growth and 

environment. The mathematical description is necessarily simplified because tumour formation involves 

numerous biological processes, such as mechanical forces, vascularization, immune reactions, genetic 

heterogeneity and complex cell migration. Nevertheless, reaction-diffusion models are a useful starting 

point for studying the spatial component of tumour dynamics. 

  

4.7 Evolutionary and Trait-Structured Models 

Reaction-diffusion ideas can also be extended to evolutionary processes. In some mathematical models 

the spatial variable corresponds to geographical location, and more variables describe biological traits. 

Mutation, selection, dispersal and environmental variation can then be included in a common framework. 

Spatial movement may influence the distribution of advantageous traits, while local environmental 

conditions may favour different characteristics in different regions. This forms the link between population 

dispersal and evolutionary adaptation. 

Such models show that reaction-diffusion mathematics is not limited to population density alone. The 

framework can be extended to describe the spatial evolution of biological characteristics and the 

interaction between geographical movement and natural selection. 

  

4.8 Pattern Formation in Biological Systems 

Pattern formation is one of the most familiar applications of reaction-diffusion theory. Spatial patterns can 

occur in developmental systems, cellular processes, ecological communities and biochemical networks. 

The mathematical mechanism can be explained by the interaction between local reactions and spatial 

transport. Small differences in concentration or population density can be amplified when the reaction 

kinetics and diffusion processes interact in a proper manner. Spatial structures may be stationary, moving 

or dynamically evolving. The mathematical theory based on Turing's work is one of the reasons for 

stationary spatial patterns. However, biological pattern formation is far more complex than the simple 

Turing model. Modern reaction-diffusion models may include nonlinearities, multiple interacting 

components, heterogeneous environments, cross-diffusion, nonlocal interactions, and time-dependent 

parameters. Thus, reaction-diffusion equations are a conceptual bridge between the local biological 

interactions and large-scale spatial organization. 

  

4.9 Importance of Spatial Heterogeneity 

In all of these applications spatial heterogeneity is a recurring feature. Biological environments are rarely 

uniform, and the local conditions can severely influence model behaviour. 
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For ecological populations, heterogeneity may arise from habitat quality and/or resource availability. In 

epidemiology the population density and contact rates may differ geographically. In developmental 

biology tissue may contain spatially different concentrations of signalling molecules. In tumour models 

nutrient availability and cellular properties may differ throughout the tumour. Heterogeneity in a 

mathematical model is important for creating more realistic spatial behaviour but also increases 

complexity of the analysis. Equilibria may no longer be uniform; diffusion coefficients may vary with 

position and standard methods of stability may be modified. However, heterogeneous reaction-diffusion 

models are important to understand biological systems in realistic environments because they allow 

mathematical analysis to move beyond the assumption of spatial uniformity. 

  

5. Theoretical Perspectives, Challenges and Future Directions 

Reaction-diffusion equations have been a fundamental mathematical framework for understanding spatial 

biological processes. This ability to reconcile local interactions with spatial movement has made them 

useful in population dynamics, ecology, epidemiology, developmental biology, and cellular modelling. 

However, classical reaction-diffusion models rely on a number of simplifying assumptions. Biological 

movement is often more complex than ordinary diffusion, environmental conditions may vary greatly 

across space and time, and biological systems are often memory-dependent, delay-dependent, stochastic, 

and long-range. These limitations motivate the development of more general mathematical frameworks. 

 

5.1 Limitations of Classical Reaction-Diffusion Models 

The classical reaction-diffusion model assumes that movement is simply diffusion. This is a simple fact, 

but it may not describe all biological movement. Many organisms do direct migration, move towards 

resources, avoid predators, or disperse over very long distances. 

 

Likewise, classical models often assume that model parameters are constant throughout the spatial domain. 

Biological environments, however, are heterogeneous. Population growth rates, carrying capacities, 

mortality rates, and movement characteristics may vary from one region to another. 

 

Another limitation is to assume that biological processes depend only on the present state of the system. 

Real biological systems may have memory and delayed responses. For instance, reproduction might 

depend on past population density, while disease transmission could be affected by previous infection 

levels. 

 

Classical models can also consider biological populations as continuous densities. This approximation is 

suitable for sufficiently large populations but may be less accurate for small populations. Demographic 

fluctuations can then have a significant impact on extinction and persistence. 

 

These limitations do not decrease the importance of reaction-diffusion equations. Rather, they indicate 

that the classical framework provides a basis from which more realistic models can be built. 
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5.2 Cross-Diffusion and Interacting Movement 

In many biological systems, the movement of one population depends on the presence or distribution of 

another population. Ordinary diffusion will not directly represent such interactions as each population is 

assumed to diffuse independently. 

 

Cross-diffusion is a mathematical means of accounting for the movement (or other kinds of movement) in 

other species or biological quantities. For example, a population may move away from a region with a 

high density of competitors or predators. Or organisms may leave areas of resources and/or chemical 

signals. 

 

Cross-diffusion models thus offer a more flexible description of spatial movement in interacting 

populations. They also generate mathematical behaviour qualitatively different from classical reaction-

diffusion systems - aggregation, segregation, and complex spatial distributions. 

 

From a theoretical perspective, cross-diffusion introduces additional analytical challenges because the 

diffusion matrix is no longer necessarily diagonal. Questions concerning existence, positivity, 

boundedness, stability, and long-term behaviour can become considerably more difficult. 

 

5.3 Nonlocal Spatial Interactions 

Classical diffusion is very local, and the change at a particular point is determined by nearby values. 

Biological interactions may happen over large distances. 

 

For example, individuals may disperse over long distances, animals may respond to resources far from 

their current location, and ecological interactions may involve spatially separated populations. Nonlocal 

mathematical models can incorporate such effects through integral operators or spatial interaction kernels. 

 

Nonlocal reaction-diffusion models are particularly relevant for biological invasion and population 

dispersal. Long-distance movement can significantly change the speed and structure of population spread 

compared to models based on local diffusion. 

 

The introduction of nonlocal interactions also raises interesting mathematical questions concerning 

travelling waves, spreading speeds, stability, and persistence. Such models provide an important direction 

for extending classical reaction-diffusion theory. 

 

5.4 Fractional Reaction-Diffusion Models 

Another important extension to the classical approach is fractional operators. Ordinary diffusion is usually 

a characteristic form of spatial movement, while anomalous transport can involve heavy-tailed 

displacement distributions or memory effects. 

 

Fractional derivatives may be used to represent such non-classical behaviour. Fractional reaction-diffusion 

equations may then be appropriate when biological movement or temporal evolution cannot be adequately 

described by integer-order differential operators. 

https://www.ijtas.com/


 

International Journal of Technology and Applied Science (IJTAS) 

E-ISSN: 2230-9004   ●   Website: www.ijtas.com   ●   Email: editor@ijtas.com 

 

IJTAS18011433 Volume 9, Issue 1, January 2018 17 

 

 

The fractional model is particularly intriguing because it can incorporate memory and anomalous transport 

in the same mathematical form. However, fractional models also face additional theoretical and numerical 

challenges. The interpretation of fractional parameters should be closely connected to biological 

processes, and the boundary value problems may require certain analytical and numerical tools. 

 

In the last few years, mathematical research has focused on fractional diffusion and fractional population 

models in the literature, and the growing application of generalized differential operators in biological 

modelling has been a central theme. 

 

 5.5 Stochastic Reaction-Diffusion Models 

The classical equations of the reaction diffusion type tend to be deterministic, which offers a prediction of 

the temporal dynamics of species abundance or concentration given certain starting and boundary values. 

Unknown factors exist in biological systems. It is understood that the population dynamics can be affected 

by random births and deaths, changes in environment, uncertain parameters, as well as unpredictable 

movements of an organism. For mathematical modeling of the stochastic processes, the reaction-diffusion 

stochastic paradigm is used. The method is deemed especially important for small populations since 

random demographic events can either help populations survive or drive them to extinction. It is also very 

helpful for systems of organisms whose habitat fluctuates significantly. From the mathematical standpoint, 

stochastic models of reaction-diffusion equations require probabilistic methods on their basis rather than 

the traditional methodology of solving partial differential equations. The issues of stability, expectancies, 

extinction probability, and stationary distribution are among other matters raised by the study. 

 

5.6 Time Delays and Biological Memory 

Numerous biological phenomena occur over time rather than immediately. For instance, some time may 

lapse between reproduction and maturation of an organism, the occurrence of the disease and its 

symptoms, or change of environment and reaction of the species. Many of these effects can be taken into 

account using delay differential equations and reaction-diffusion systems with time delays. In addition to 

that, such models make it possible to take into account the fact that the state of the population depends on 

its past behavior. Memory can be created with the help of fractional derivatives. This allows a researcher 

to model systems whose present behavior depends on the events of their past.  

The overall picture could change considerably taking delays and memory into account. An instantaneous 

model can be oscillatory or unstable with a significant time delay. 

 

5.7 Heterogeneous and Dynamic Environments 

Developing models that represent changing ecosystems is one of the most significant areas of 

mathematical biology. In nature, environmental changes occur in both time and space. As a result, the 

growth rate, carrying capacity, mortality, and diffusion parameters may vary over time and location. 

Climate change, seasonal changes, habitat changes, resource changes, and other factors can cause these 

changes. Using reaction-diffusion models with variable coefficients allows us to study systems of this 

kind. The analysis of these models allows studying whether populations can survive in changing 

environments and how variability of the environment influences their spatial spreading. Dynamic 
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environments raise questions about the stability of the systems. While a population is usually close to the 

equilibrium point, it may have periods of periodicity or undergo continuous changes. 

 

5.8 Data-Driven and Computational Approaches 

Even though we might think of reaction-diffusion equations as mere mathematical representations of a 

particular kind of behavior, the truth is that their parameters are increasingly derived from experimental 

or observational data. Therefore, modern computational techniques make it easy for mathematical 

modeling to be combined with data-oriented approaches. Numerical simulations can be employed to have 

a glimpse of those models for which analytical solutions cannot be obtained. Finite-difference, finite-

element, and spectral methods, amongst other numerical procedures, can yield approximations of the 

spatial and temporal evolution. Being able to estimate the parameters that characterize various processes, 

data-driven methods may provide valuable information about diffusion rates, growth processes, 

interaction intensities, propagation speed, etc. Therefore, they can contribute to bringing the theoretical 

models closer to the actual biological systems. Machine learning can be employed in conjunction with the 

reaction-diffusion approach to estimate unknown parameters, to discover the dynamics behind the 

phenomenon, and to create reduced-order models. However, data-driven techniques should supplement 

rather than substitute mathematical analysis. 

 

5.9 Mathematical Challenges 

The growing complexity of biological reaction-diffusion models creates a number of important 

mathematical problems. For nonlinear systems, the question of global existence and boundedness of the 

solutions may be difficult. Cross-diffusion may also be problematic in the analysis of positivity and 

regularity. Nonlocal and fractional operators can also generate new analytical structures. Another 

important problem is related to the stability of spatially heterogeneous equilibria. The classical linear 

stability analysis is most straightforward in the case of homogeneous states, but real biological 

environments may not have such equilibria. 

 

Travelling-wave analysis is also more challenging when diffusion is nonlocal, fractional, heterogeneous, 

or linked with other biological variables. It is important to know if invasion is happening and the 

corresponding spreading speed in spatial population dynamics. These challenges show that reaction-

diffusion modelling is still an active field in mathematical research and not a complete theory. 

 

5.10 Future Research Directions 

In the future, we may be able to develop reaction-diffusion models that incorporate multiple biological 

mechanisms simultaneously. Possible directions include coupling spatial population dynamics with 

environmental variables, incorporating directed movement and behavioural responses, and modeling 

multiple interacting populations.  

In addition, it is worth focusing on diverse landscapes, broken habitats, and changing environmental 

conditions. This approach may allow us to depict invasions and survival with more precision. Fractional 

and nonlocal models can also describe anomalous diffusion and biological memory. Moreover, stochastic 

formulations may allow for considering both demographic and environmental uncertainties. Finally, data-

driven techniques may improve the process of parameter estimation and the validation of the model. 
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Another interesting line of development relates to multiscale models of biological phenomena. Biological 

processes can occur on several scales: molecular, cellular, organismal, and population. The ability to 

connect these scales is expected to help improve our understanding of the way in which microscopic 

processes result in macroscopic patterns of spatial distribution and population behaviour. The use of a 

combination of mathematical theories, numerical simulations, and empirical data is expected to be crucial 

in this case. Analytical methods can highlight the basic properties of the phenomenon, numerical méthodes 

can explore complex regimes, while observational data can show whether the theory works in practice. In 

general, the future of reaction-diffusion models is not just about extending the complexity of reaction 

models, but about developing models that capture biologically meaningful mechanisms but still have 

enough mathematical rigour for rigorous analysis. Realism, interpretability, and mathematical tractability 

will remain key in the development of spatial models in mathematical biology. 

 

 6. Conclusion 

Reaction-diffusion equations are a novel mathematical framework for studying systems of biological 

processes in which local processes interact with spatial movement. We have examined their applications 

in mathematical biology and population dynamics and have presented the relation between local biological 

mechanisms and spatial dispersal. We have shown that spatial movement can be incorporated into 

biological theories of population and that phenomena which cannot be described theoretically by purely 

temporal models can be found. The reaction component of a reaction-diffusion model provides a 

mathematical description of local biological processes such as reproduction, mortality, competition, 

predation, infection, recovery, and biochemical interaction. The diffusion part describes spatial 

redistribution of the corresponding population or biological quantity. The interaction of these two 

components provides a common mathematical structure that represents biological systems on different 

spatial and temporal scales.  

 

For population dynamics, reaction-diffusion models offer a natural extension of the classical growth 

models to incorporate dispersal. This framework can be used to describe population persistence, 

extinction, spatial redistribution, species competition, predator-prey interactions, and biological invasion. 

In particular, travelling wave solutions are useful for describing the spatial propagation of populations in 

previously unoccupied regions. We also show that population growth and dispersal cannot always be 

considered independently because their interaction determines the capacity of a population to create, 

persist, and grow. 

 

Using equations for reactions and diffusion in ecology significantly emphasizes the importance of spatial 

heterogeneity and habitat structure. Environmental quality and resource availability, in combination with 

migration of populations, give rise to various spatial outcomes in a number of cases. Therefore, reaction-

diffusion models serve as a theoretical platform for understanding the dynamics of source-sink dynamics, 

habitat connectivity, species coexistence, and dispersal of invasive populations. Besides population 

ecology, these equations have been applied in other fields as well, such as epidemiology, developmental 

biology, cell biology, biochemical systems, and biomedical modelling. The reaction-diffusion models can 

be used in the area of spatial epidemiology to study the interaction between transmission of diseases and 

population migration. The application in developmental and cell biology contributes to research following 
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the idea that it is necessary to understand how local biochemical effects and spatial transportation lead to 

formation of organized structures and concentration patterns. 

 

However, this research proved that traditional reaction-diffusion models have some limitations. For 

instance, common diffusion cannot cover directed movements and long-distance dispersals, and stable 

parameters of the models cannot be used in unstable environments. 

The given constraints resulted in various noteworthy extensions like the phenomena of cross-diffusion, 

nonlocal forms of modeling, equations governing fractional reaction and diffusion, stochastic models, and 

models entailing temporal delays. These advancements are currently being applied as the underlying 

concepts for building more complicated biological systems while still possessing the mathematical merits 

of the reaction-diffusion theory. 

  

In the future, an important field of research lies in combining mathematical calculations and biological 

data. Mathematical methods allow scientists to derive main properties of the biological system such as 

stability, persistence, and propagation of waves, whereas numerical methods allow scientists to deal with 

more complex systems where no analytical solution can be derived. Moreover, empirical data can assist 

in estimates of model parameters and verification of the compatibility of mathematical findings with 

biological phenomena. All in all, reaction-diffusion equations can be regarded as valuable and flexible 

tools for mathematical biology. Their key advantage is the possibility to combine local biological 

processions and spatial processes.  The continued development of generalized reaction-diffusion equations 

and the careful analysis and data-driven analysis which is required to gain a better understanding of 

complex spatial biological systems has great potential to advance the mathematical understanding of this 

situation. 
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  Temporal change = Diffusion + Local reaction .


    𝝏 𝒖  𝝏 𝒕 = 𝑫 𝚫 𝒖 + 𝑭  ( 𝒖 ) ,


    𝝏 𝒖  𝝏 𝒕 = 𝑫 𝚫 𝒖 + 𝒓 𝒖  ( 𝟏 −   𝒖  𝑲 ) ,


  ( 𝒖  ( 𝒙 , 𝒕 ) \


  ( 𝑫 )


  ( 𝒓 )


  ( 𝑲 )


  ( 𝒖 )


    ( 𝒗 )


  population change = local growth and competition + spatial dispersal .


    𝝏 𝒖  𝝏 𝒕 = 𝑫 𝚫 𝒖 + 𝒇  ( 𝒖 ) ,


  ( 𝒇  ( 𝒖 ) )


  𝒛 = 𝒙 − 𝒄 𝒕 ,

