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Abstract

The presence of limited healthcare resources may greatly influence the spread of the disease and its
persistence since the demand for treatment may exceed available healthcare resources. In this study, a
mathematical model is presented to understand the dynamics of infectious diseases in a constrained
resource environment. The compartmental model is built by dividing the population into compartments of
susceptible, infected, hospitalized, and recovered individuals. The healthcare capacity is introduced in the
treatment and hospitalization processes of the disease. First, the model is analyzed to prove that its
solutions are non-negative and bounded, as well as to find equilibrium points of the disease-free and
endemic types. The basic reproduction number is derived in order to know the thresholds of the disease
development. After that, local stability conditions are investigated. Results of the analysis are used to show
that lack of treatment and hospitalization resources may change the qualitative character of the infectious
disease dynamics.

Keywords: Infectious disease; Mathematical modelling; Compartmental model; Healthcare capacity;
Disease transmission; Basic reproduction number; Equilibrium analysis; Stability analysis; Epidemic
dynamics; Mathematical epidemiology.

1. Introduction

Infectious diseases are still a major threat to public health as their transmission can generate rapidly
changing demands for medical treatment, hospitalization and other healthcare services. The evolution of
an epidemic is not only related to the biological characteristics of a pathogen and how people interact; it
is also related to the capacity of the health system to identify, treat and manage the infectious individuals.
When the number of people who need medical help is too high for the health care system to provide,
delays in treatment and lack of health care facilities can affect the spread of the disease. The relation
between infectious disease dynamics and health care problems is a major problem in mathematical
epidemiology. Mathematical modelling is a systematic framework for describing and studying the spread
of infectious diseases and the mechanisms of their persistence or elimination. Among the most widely
used epidemiological models, compartmental models are the most popular ones because they represent a
population in epidemiologically relevant classes, and describe the transitions between them in terms of
ordinary differential equations. The classical susceptible-infected-recovered (SIR) model has been the
most influential model used to study epidemic transmission in literature and has been extended to include
the epidemiological aspects of exposed, hospitalized, vaccinated, treated and other important
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compartments. Such models allow important thresholds, equilibrium states, and stability properties to be
derived analytically in order to understand the qualitative behaviour of disease transmission. An important
assumption in many basic epidemic models is that infected people can be treated or healthcare provided
with sufficient resources. Under this assumption, the transition from infection to treatment or recovery can
be treated and/or treatment and recovery can be done at a constant rate. However, healthcare systems have
finite capacities -- hospitals have limited beds, healthcare facilities have limited treatment capability, and
healthcare resources may not be available enough during a period of high transmission. The treatment or
hospitalization process may therefore depend on the number of infected people or healthcare resources
available. If we ignore that aspect of the epidemic, we may be failing to understand it because the number
of infected is so large and medical services are being taken care of by the disease community. In terms of
mathematical epidemic models, the health problems can be added as well and they contribute to disease
transmission. When healthcare is sufficient, infected people can receive timely treatment which may push
them to recovery and reduce the time they contribute to transmissions. In contrast, if healthcare demand
is high or healthcare capacity is poor, the effective treatment process can be limited, leading to an increased
infected population, longer infection periods, and greater burden on the healthcare system. From a
mathematical point of view, this feedback can also have a role in how the infected population is affected
by disease development. A good way to illustrate this feedback mechanism is to introduce a hospitalized
or treated compartment and allow the transfer from the infected class to the healthcare compartment to
depend on the healthcare capacity. Let the total available healthcare capacity be a model parameter. When
the number of infected people is still below the effective capacity of treatment, treatment can work well.
But as the infected population grows, treatment may be limited. This allows the mathematical analysis to
distinguish between disease transmission dynamics that occur with sufficient healthcare availability and
those that occur with poor healthcare availability. Healthcare constraints are also closely related to
threshold behaviour in epidemic systems and can be investigated in order to understand the threshold
behaviour in these systems. The basic reproduction number (Ro) is a basic threshold that describes the
expected number of secondary infections that an individual with a typical infectious disease will generate
under a given epidemiological condition. In deterministic compartmental models, the Ro is often a
parameter that determines whether disease-free equilibrium has a stable behaviour and is used as a
criterion of elimination or recovery. When healthcare capacity is involved in treatment and recovery
processes, then it can also influence the threshold of the model. Analytical study of the relationship
between healthcare capacity and reproduction threshold can give us information about the conditions
under which disease transmission can be controlled. As well as threshold analysis, equilibrium and
stability theory can also be a powerful and systematic tool to study the long-term behaviour of the proposed
system. The disease-free equilibrium describes the state where no infection exists and the endemic
equilibrium is the state for which infection is still present. Finding out if these equilibria exist or are stable
is important to know whether a small introduction of infection will disappear or develop into persistent
infection in the mathematical model. This analysis is particularly important when healthcare is considered
as resource constraints can affect the relationship between infection levels, treatment and recovery.
Although mathematical models for infectious disease transmission are considered a prevalent method of
analysis in disease management, there is still a need for purely mathematical models that relate the capacity
to take care of the diseases with it being well understood. Very detailed mathematical models may contain
more than one age group, spatial structure, behaviour change, random effects, vaccination programmes,
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delays and pathogen-specific features. Although this extension can be much more realistic, it also
introduces much more mathematical complexity. A simpler compartmental model can instead provide a
transparent setting where the fundamental impact of limited healthcare resources can be isolated and
studied through equilibrium and stability analysis. In this paper, we thus focus on the mathematical
investigation of infectious disease dynamics under limited healthcare capacity. We construct a
compartmental model in which susceptible, infected, hospitalized or treated and recovered populations are
included into the transformation of the infected people to hospitalization or treatment, and from that we
model the impact of a finite treatment budget. The resultant system of differential equations is explored
analytically to understand its basic mathematical properties and epidemiological thresholds. The main
objectives of this work are to develop a mathematically tractable infectious disease model with limited
healthcare resources. We first have to establish the positivity and boundedness of the model solutions, and
we then obtain the disease-free and endemic equilibrium states and the basic reproduction number and
identify the local stability properties of the equilibrium states. In particular, we want to study the
mathematics of healthcare capacity and why it is important in spreading disease and its persistence. The
main contribution of the work is the development and analysis of a compartmental model in which
healthcare capacity is viewed as a part of infectious disease dynamics and not as a separate issue. The
study is designed so as to study the relation between transmission, treatment, recovery, and healthcare
limitations in a mathematical system, and thus we will understand how resource constraints affect
epidemic behaviour. The analytical framework is not dependent on a specific dataset to consider the
mathematical mechanisms and thresholds. The rest of the paper is organized as follows. In section 2 the
mathematical model is presented as well as the modelling assumptions, compartment definitions,
parameters and differential equations. In section 3 we develop the mathematical analysis of the model,
positivity and boundedness, equilibrium points, basic reproduction number, and stability conditions. In
section 4 we present the main mathematical results and what they mean for infectious disease dynamics
under limited healthcare capacity, and conclude with some comments and possible future directions.

2. Mathematical Model

To study the effect of limited health care resources on the dynamics of infectious disease, a deterministic
compartmental model is proposed. The total population is divided into susceptible people, infected people,
hospitalized or treated people, and recovered people. The model is mathematically tractable yet it accounts
for the limited capacity of health care services.

2.1 Model Assumptions

The following assumptions are made in our model: ¢ The total population is divided into susceptible,
infected, hospitalized or treated, and recovered persons. * Everyone in the susceptible class can get infected
by contact with infectious individuals. * Newly infected individuals enter into the infected compartment.
* Infected individuals can recover naturally or need hospitalization or treatment. « Hospitalized or treated
persons have a higher effective recovery rate than untreated infected people. * The healthcare system has
a finite treatment capacity. If the number of infected persons is relatively small compared to the available
healthcare capacity, the infected can get treated. When the number of infected individuals becomes higher
and healthcare capacity is not available, the treatment is limited. Recovered people acquire temporary or
permanent immunity and they do not return to being susceptible at the time of the model when they are
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no longer susceptible. The population is homogeneously mixed such that each susceptible person has an
equal chance of contacting an infectious individual. « The demographic processes are the same and there
should be a constant recruitment rate and natural death rate. « Disease-induced mortality is included in the
infected and/or hospitalized classes. * The model is deterministic and all state variables and parameters
are assumed to be non-negative. These assumptions provide a simple description of the relationship
between infectious disease and healthcare capacity and avoid the complication of epidemiology.

2.2 Model Formulation
Let
S(), 1), H(), R()
denote, respectively, the numbers of susceptible, infected, hospitalized or treated, and recovered
individuals at time tt. The total population is therefore
N(t)=S(t)+ I(t)+ H(t) + R(1).
Susceptible individuals become infected through contact with infectious individuals. The incidence of
infection is represented by the standard bilinear term
BSI
N
where # > 0f > 0 is the effective transmission rate.
Infected individuals leave the infected compartment through natural recovery, hospitalization or treatment,
and disease-induced mortality. Let y\gamma denote the natural recovery rate of infected individuals, 86
the disease-induced mortality rate, and t\tau the effective treatment or hospitalization rate. To incorporate
limited healthcare resources, the treatment rate is allowed to depend on the available healthcare capacity.
Let K>0K>0 represent the effective healthcare capacity. A simple capacity-dependent treatment function
can be written as
ToK
i lany
where T > 0 represents the maximum treatment rate when healthcare resources are readily available.
This formulation has an important mathematical interpretation. When II is small relative to KK,
(D) =~ 7,
indicating that healthcare resources are sufficiently available. As II increases, the effective treatment rate

decreases, reflecting increasing pressure on healthcare resources. Thus, the model does not assume
unlimited access to treatment.
Let i denote the recovery rate of hospitalized or treated individuals, p\mu the natural mortality rate, and
6 ythe disease-induced mortality rate among hospitalized individuals. Let A denote the recruitment rate
into the susceptible population.
The proposed model is given by

as BSI

E =A-— T - ﬂS

dl pSI

E:T—T(I)I—YI—(H'F 6)1,

dH
- (DI - (n+p+8p)H,
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dR
— =1yl +nH — uR.

dt
Using the healthcare-capacity function,
7oK
=T
the infected population equation becomes
dl pSI t1,KI 5
i~ N K+ YTRTOL
The nonlinear treatment term
ToKI
K+1

is the principal mechanism through which limited healthcare capacity enters the model.
For sufficiently small II, the treatment term behaves approximately as
ToKI
K+1

~ Tol,
whereas for large II,
ToKI
K+1
Thus, the total treatment flow cannot increase indefinitely with the number of infected individuals. Instead,
it approaches the finite upper limit ToK. This property provides a mathematically convenient
representation of a healthcare system with limited treatment capacity.

- 7o K.

The parameters used in the model are summarized as follows:

Parameter | Description
A Recruitment rate
B Disease transmission rate
u Natural mortality rate
Y Natural recovery rate of infected individuals
To Maximum treatment/hospitalization rate
K Effective healthcare capacity
n Recovery rate of hospitalized individuals
() Disease-induced mortality rate of infected individuals
oy Disease-induced mortality rate of hospitalized individuals

The parameter K is particularly important because it represents the healthcare-resource constraint. A larger
value of K corresponds mathematically to greater treatment capacity, whereas a smaller value represents
a more constrained healthcare system.

2.3 Fundamental Properties of the Model

The total population satisfies

dN
E=A—ﬂN—6l—6HH.
Consequently,
d—N <A —uN.
dt —
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By comparison with the corresponding linear differential equation, the total population remains bounded
provided that the initial population is finite. In particular,

A A
N©) <=+ (V@ - e
u u
Hence, the biologically feasible region
A
Q= {(S,I,H,R) ERY:N < l_l}

is positively invariant under the model assumptions.
Because all recruitment, infection, recovery, treatment, and mortality flows are non-negative in the
appropriate compartments, solutions beginning with non-negative initial conditions remain non-negative.
Therefore,

S(t),I(t),H(t),R(t) =0
forall t = 0t = 0.
The positivity and boundedness properties ensure that the proposed model is epidemiologically
meaningful and mathematically well posed within the biologically feasible region. These properties
provide the foundation for the subsequent analysis of equilibrium states, disease transmission thresholds,
and stability.
The healthcare-capacity-dependent treatment function is also bounded according to

0<t() <7,
and the total treatment flow satisfies
0<t(DI = ﬂ < 1oK.
- K+1

As a result, this model clearly illustrates that the upper bound in terms of healthcare treatment is finite.
This characteristic differentiates the model from the conventional epidemic models that presume limitless
availability of treatment as the number of infected individuals rises. The established system creates a
mathematically manageable model for exploring the interaction between disease transmission and limited
healthcare resources. The following section concentrates on the analytical performance of the system
through determining the equilibrium states and computing the basic reproduction number and performing
the stability analysis.

3. Mathematical Analysis
In this segment, the qualitative characteristics of the infectious disease model under healthcare capacity
limitations are investigated. The analysis examines the disease-free equilibrium, the basic reproduction
number, the endemic equilibrium, and stability characteristics of the respective equilibria. The results give
models of the conditions in which the disease is expected to die out or to stay in the population.
3.1 Disease-Free Equilibrium
The disease-free equilibrium represents the state of the population in which no infectious or hospitalized
individuals are present. At this equilibrium,

I=H=R=0.
From the susceptible population equation,

& _A—ups
dt #

Setting the derivative equal to zero gives
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u
Therefore, the disease-free equilibrium is

A
E, = (—,0, 0, 0).
T

This equilibrium represents a population in which demographic processes are balanced in the absence of
infection.

3.2 Basic Reproduction Number

The basic reproduction number is regarded as a basic threshold parameter in the modeling of infectious
diseases. It denotes the anticipated number of secondary infections caused by an average infected person
introduced into a healthy population. In order to obtain the reproduction threshold for the chosen model,
one should look at the infected compartment close to the disease-free equilibrium EOE 0, where the
healthcare treatment function fulfils

7(0) = T,.
The linearized infected equation near the disease-free equilibrium therefore becomes
dI
- B-(@ty+utdll

The infection-generating rate at the disease-free equilibrium is f, while the total rate at which infected
individuals leave the infectious compartment is

To+y+u+é.
Consequently, the basic reproduction number is

R, =
0 Bto+y +u+é.

The threshold quantity illustrates the mathematical role of healthcare services. An increase in the effective
treatment rate t0\tau 0 increases the rate at which infected individuals leave the infectious class and
consequently decreases ROR 0. Thus, treatment capacity can influence the transmission threshold of the
disease.
The following threshold conditions arise:

Ry<1
indicates that the infection cannot replace itself, whereas

Ry>1
indicates that the infection has the potential to invade the disease-free population.
The critical condition

Ry=1
represents the epidemic threshold separating these two transmission regimes.
It is important to note that ROR 0 is determined at the disease-free equilibrium, where healthcare resources
are not yet under substantial pressure. Therefore, the effect of finite healthcare capacity becomes
particularly important when the infected population moves away from the disease-free state.
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3.3 Local Stability of the Disease-Free Equilibrium
The local stability of the disease-free equilibrium can be investigated using the Jacobian matrix of the
model system.

Let
F(S,1,H,R) = (A— BSIN — uSBSIN — tOKIK + 1 — (y + u+ 8)ITOKIK + I — (n + u + 8H)HyI
A— B3I _ us
N
+nH — uR).F(S,1,H,R) = %_?flf (Yy+u+8I
ToKI
K+I—(n+u+6H)HyI+11H—uR

The Jacobian matrix evaluated at the disease-free equilibrium determines the local behaviour of small
perturbations around Ej.
The eigenvalue associated with the infected population is
AM=B—(tg+y+u+9d).

Using the definition of R,

AL=@y+y+u+d(Ry—1).
Hence, the sign of the infected eigenvalue is determined directly by Ry — 1.
Therefore, the disease-free equilibrium is locally asymptotically stable when
R _0<1,
and it loses local stability when
R _0>1.
Thus, the basic reproduction number provides the principal threshold governing the initial invasion of
infection.

3.4 Endemic Equilibrium
An endemic equilibrium corresponds to a state in which infection remains present in the population.
Denote the endemic equilibrium by

E*=(§"I'H",R"),

where
I">0.
At equilibrium, all derivatives in the model system vanish. Therefore,
BS*I i
0=A- N us’,
0= B;*I — I‘f(ofll* —(y+u+o)r;,
ToKI* .
=xsp TR SIH,

0=yI"+nH" — uR".
Since I* > 0, the second equilibrium equation can be divided by I*, giving
BS® 1K
N* K+1I"

+y+u+d.
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This relationship provides an important interpretation of the endemic state. At equilibrium, the effective
force generating new infections must balance the combined removal processes associated with treatment,
recovery, and mortality.
From the third equilibrium equation,

1o KI'(K + I))(q + p + 8p).
Similarly, the recovered population satisfies

*

_yI' +nH"

” .
Thus, once the positive infected equilibrium I* is determined, the corresponding hospitalized and
recovered populations follow directly from the equilibrium relations.
The nonlinear healthcare term plays a central role in determining the endemic equilibrium. In particular,

ToK
K+TI

decreases as I increases. Consequently, the effective treatment rate per infected individual declines when
the infected population becomes large relative to healthcare capacity.

3.5 Role of Healthcare Capacity

The parameter K provides a direct mathematical representation of the available healthcare capacity. The
effective treatment flow is

ToKI

T =337

Differentiating this expression with respect to I gives
dT  1oK?
dl ~ (K+1D?
Thus, total treatment flow increases as the infected population increases. However, the rate of increase
becomes progressively smaller as II becomes large. Furthermore,
Il_l)ng(I) = 7, K.

> 0.

Therefore, the total treatment flow has a finite upper bound. This mathematical property captures the
essential effect of limited healthcare resources: treatment availability cannot increase indefinitely with
increasing disease burden.
The parameter KK also affects the treatment flow directly. For fixed I > 0,
0T  t,l?
K (K + D)2
Thus, increased healthcare capacity increases the effective treatment flow for a fixed number of infected

> 0.

individuals. These results illustrate the difference between the disease-free threshold and how the system
behaves at higher infection levels. Treatment is close to the maximum rate t 0 at the disease-free state.
As infection increases, healthcare constraints become more important and the treatment process
approaches its finite capacity. The mathematical analysis shows that healthcare capacity is not just an
external resource variable. Because of the nonlinear treatment mechanism, it directly impacts the
relationship between infection prevalence and disease removal. This provides a theoretical basis for
studying how finite healthcare resources can contribute to long-term disease transmission. The results
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reported in this section provide the basic threshold and equilibrium structure of the model. This is the
beginning of the discussion of these mathematical findings and their implications for infectious disease
dynamics for different healthcare levels.

4. Discussion and Interpretation

In the earlier sections, the mathematical analysis offers an analytical basis for investigating infectious
disease transmission under conditions of limited healthcare availability. In contrast to the compartmental
models that assume unlimited treatment availability, the current model uses a capacity-dependent
treatment process. It thus creates a mathematical link between the disease burden and the system's
treatment resources. The significant conclusion of the analysis is the threshold value of the basic
reproduction number. The disease-free equilibrium is said to be locally asymptotically stable for values of
Ro <1 because the model assumes that a small quantity of infection does not result in active transmission.
At the same time, in the case of Ro > 1, the disease-free equilibrium becomes unstable and the infected
population can spread. Thus, this provides a basic criterion for distinguishing between total disease
eradication and potential disease survival. The treatment mechanism adds a further factor to this threshold
behaviour. At low rates of infection, the effective treatment rate is already close to its maximum value
since health system resources are not used in all cases. But in this case, the infected patients can move
relatively quickly from the infected compartment to the hospital or treated compartment. As the number
of infected individuals increases, the treatment process becomes increasingly restricted by the finite
healthcare capacity. This is a direct consequence of the saturating treatment function that was introduced
in the model. The total treatment flow increases with the number of infected individuals, but reaches a
finite upper limit where the maximum treatment rate and healthcare capacity are taken into account.
Consequently, we cannot continue to increase the number of people receiving treatment as the number of
infections increases. This is particularly apparent from a mathematical point of view. If we have a
treatment capacity that is unlimited, we may see that the removal of infected people increases
proportionally with the number of infected people. The problem here is that such proportional growth is
not possible. The further the infected population grows, the more we will see that healthcare services will
be under pressure, but the treatment flow will not increase in proportion. The healthcare capacity
parameter therefore affects the qualitative behaviour of the epidemic system. For a fixed number of
infected people, increasing healthcare capacity increases the effective treatment flow. The residence time
of individuals in the infectious class decreases and so does the possibility to continue transmission.
However, the treatment mechanism reaches saturation at a lower disease burden and infected individuals
remain in the infectious class for much longer. We also show that healthcare capacity and disease
transmission should not be considered as independent parts of an epidemic. Disease transmission
determines the number of people who need treatment, and healthcare capacity determines how many of
them can be removed from the infectious class. So epidemiological pressure and healthcare response are
in a feedback relationship. The distinction between maximum treatment rate and total treatment capacity
is relevant. The maximum treatment rate is the efficiency with which healthcare services can treat infected
people when sufficient resources are available. The healthcare capacity is the scale at which healthcare
services are unable to treat people. So at least in theory, to be able to control the epidemic more effectively
means to increase treatment efficiency or healthcare capacity. The equilibrium analysis implies that
disease persistence is also related to the combination of infection generation and removal, i.e., infection
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and removal are the same. At an endemic equilibrium, new infections are balanced by treatment, recovery,
and mortality processes. Since treatment is capacity-dependent, this balance changes with the level of
infection. As the infected population increases, the effective treatment rate per infected person decreases,
which can change the equilibrium structure of the system. Healthcare limitations may be stronger when
the disease burden is the highest. When the infection prevalence is low, healthcare capacity is not a major
impediment. However, as infection increases, the nonlinear treatment mechanism becomes increasingly
important. This means that a healthcare system can be effective during periods of relatively low
transmission and becomes increasingly constrained during a major epidemic. From the mathematical
modelling point of view, this is an important feature of nonlinear treatment functions. A constant treatment
rate is not an adequate way to distinguish between an underutilized healthcare system and a system that is
close to its maximum capacity. The capacity-dependent formulation used in this paper is a rather simple
way to make the difference without any unnecessary model complexity. The analysis also has implications
for the interpretation of the basic reproduction number. Since Ro is evaluated around the disease-free
equilibrium, it captures the initial invasion potential of the infection in conditions where healthcare
resources are not yet substantially overloaded. It cannot provide a complete picture of the behaviour of
the system at high infection levels. However, when the population is large enough, the nonlinear healthcare
constraint becomes very important. We should take this into account when interpreting threshold results
in resource-constrained epidemic models. The mathematical framework developed here is quite general.
It does not depend on a particular infectious disease, geographical population, or observational dataset.
Therefore, the parameters can be interpreted according to the characteristics of a particular disease and
healthcare system when the framework is adapted for a specific application. The theoretical structure can
also be extended without changing its basic mathematical philosophy. There are several extensions to the
theory in the future. Vaccination can be introduced by incorporating an additional vaccinated compartment
or a vaccination flow from the susceptible class. Treatment prioritization can be provided by changing the
healthcare allocation mechanism. Time-dependent healthcare capacity can be added to represent
temporary expansion or contraction of medical resources. Age structure, spatial heterogeneity, behaviour
changes, and delayed treatment can also be included as long as the model complexity is considered. The
framework could be extended to fractional-order systems to investigate memory effects in disease
transmission and treatment. However, the present analysis focuses on a much simpler question that is more
fundamental: the mathematical relationship between infectious disease transmission and limited
healthcare resources. In combination with a system of compartmental organization and a capacity-
dependent treatment mechanism, the model gives a clear representation of the health system's constraints.
The threshold and equilibrium analysis shows how the treatment capacity can affect the disease dynamics
in a simple way without the need for empirical data, numerical simulations, or computer programming.
All in all, the mathematical results emphasize the importance of healthcare capacity as an intrinsic
component of infectious disease models. The transmission of infection determines healthcare demand, and
healthcare capacity is the factor driving how quickly infected people can be treated and removed from the
infectious population. The interaction between these two mechanisms can substantially affect the
equilibrium and stability characteristics of the epidemic system. In this way, we provide a mathematical
basis to study how infectious disease control can be done in a limited health system.

IJTAS18011432 Volume 9, Issue 1, January 2018 11



https://www.ijtas.com/

N " 7 International Journal of Technology and Applied Science (IJTAS)

Ew 4
VA

E-ISSN: 2230-9004 e Website: www.ijtas.com e Email: editor@ijtas.com

IJTAS

5. Conclusion and Future Scope

We have developed and analyzed a compartmental mathematical model for infectious disease dynamics
when the health system has limited resources. The model consists of susceptible, infected, hospitalized or
treated, and recovered populations and introduced a capacity-dependent treatment mechanism to reflect
the limited availability of health care services. It represents a mathematical representation of a crucial
feature of epidemic systems: the ability of the healthcare system to treat infected people is not unlimited
and may be increasingly limited as the number of infected people increases. The mathematical results
provided for the basic properties of the proposed model, such as the positivity and boundedness of its
solution that the model is still epidemiologically relevant and the population variables are within the
biologically feasible region. The disease-free equilibrium was derived and used as the basis for calculating
the basic reproduction number and investigating the initial invasion behaviour of the infection. The basic
reproduction number was used as a threshold condition for disease transmission. If the reproduction
number is lower than 1, the disease-free equilibrium is locally stable, that is, infection cannot survive a
small enough introduction. If the reproduction number is higher than 1, the disease-free equilibrium is not
locally stable and hence there is the possibility of the infection to survive. This threshold condition is a
basic mathematical criterion for determining the conditions for the elimination of a disease and the
persistence of a disease. An interesting aspect of our model is that it is explicitly represented in terms of
healthcare capacity through nonlinear treatment. The treatment flow is increasing with the number of
infected people but is finite and so the availability of treatment will not increase indefinitely with the
increase in infection rate. This provides a simple representation of healthcare saturation and is different
from traditional models that assume that treatment is available no matter how much disease is present. We
show that healthcare capacity can affect the transmission of disease and the removal of disease. When the
infection prevalence is low, treatment can be initiated much more effectively because of health care
resources. When the infection population is high, the treatment mechanism is more limited. This may
result in longer disease spread and can change the equilibrium of the epidemic system. Healthcare capacity
must be viewed as an intrinsic part of the dynamics of infectious disease and not as a question of
management. Also, the equilibrium analysis can give an indication of the disease persistence. At endemic
equilibrium, new infections must be balanced by treatment, recovery, and mortality processes. Because
the treatment mechanism depends on the health care system capacity, the equilibrium behaviour is affected
not only by transmission and recovery rates, but also by the health care system capacity to deal with the
infected individuals. The model thus provides a theoretical link between epidemiological transmission and
care system capacity. An important advantage of the proposed framework is that it is purely mathematical.
The model does not require data on the disease characteristics of the population, numerical simulations,
or programming analysis. The main results are obtained by differential equations, equilibrium analysis,
threshold conditions, and stability theory. This makes the framework very plausible for analyzing the
qualitative impact of healthcare limitations and is good to study the qualitative aspects of them without
adding unnecessary model complexity. Some extensions can be considered in future work. Vaccination
could be used to study the negative impact of immunization and limited treatment capacity. A separate
treatment compartment could be added for different levels of medical treatment. Time-dependent
healthcare capacity might represent temporary expansion of hospital facilities or changes in available
medical resources during an epidemic. Age-structured or spatial models could be developed to study
differences in disease transmission and healthcare demand between population groups or geographical
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regions. Mathematical developments could also consider treatment delays, imperfect treatment,
reinfection, behavioural changes, or disease-induced changes in healthcare demand. Fractional-order
derivatives could be used to investigate memory effects in infection and treatment processes. Optimal
control theory could also be used to determine mathematically good combinations of prevention,
treatment, and healthcare capacity interventions. Finally, the mathematical framework outlined in this
paper can be viewed as an analytical tool to investigate the dynamics of infectious diseases with limited
healthcare resources. The model shows the importance of infection transmission and treatment capacity
and how the threshold behaviour and the long-term dynamics of an epidemic can be influenced by the
scarce resources in healthcare. A theoretical basis for further mathematical studies of infectious diseases
in resource-constrained healthcare systems can be developed from this framework.
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